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Abstract 

cK: 

A massless electroweak theory for leptons is formulated in a Weyl space, 
W4, yielding a Weyl invariant dynamics of a scalar field 0, chiral Dirac 
fermion fields ipL and i[)r, and the gauge fields k^A^Z^W^ and 
allowing for conformal rescalings of the metric and all fields with 
nonvanishing Weyl weight together with the corresponding transforma- 
— , ■ tions of the Weyl vector fields, k^, representing the D(l) or dilatation 

gauge fields. The local group structure of this Weyl-electroweak (WEW) 

theory is given by G = 50(3, 1) (8> D(1)<S) G — or its universal cover- 
ed - 

£T) \ ing group G for the fermions — with G denoting the electroweak gauge 

group SU (2) w x U(1)y- In order to investigate the appearance of nonzero 

q ■ masses in the theory the Weyl-symmetry is explicitly broken by a term 

0\ , in the Lagrangean constructed with the curvature scalar R of the W4 and 

a mass term for the scalar field. Thereby also the Z M - and W^- gauge 
q-i fields as well as the charged fermion field (electron) acquire a mass as in 

5^ ; the standard electroweak theory. The symmetry breaking is governed by 

the relation D^ 2 = 0, where $ is the modulus of the scalar field and 
!> ■ denotes the Weyl-covariant derivative. This true symmetry reduction, 

^ . establishing a scale of length in the theory by breaking the D{1) gauge 

symmetry, is compared to the so-called spontanous symmetry breaking 
in the standard electroweak theory which is, actually, the choice of a par- 
ticular (nonlinear) gauge obtained by adopting an origin, 0, in the coset 
space representing <p with <p being invariant under the electromagnetic 
gauge group U{l) e , m ,. Particular attention is devoted to the appearance 
of Einstein's equations for the metric after the Weyl-symmetry breaking 
yielding a pseudo-Riemannian space, V4, from a W4 and a scalar field 
with a constant modulus ip . The quantity <fl affects Einstein's grav- 
itational constant in a manner comparable to the Brans-Dicke theory. 
The consequences of the broken WEW theory are worked out and the 
determination of the parameters of the theory is discussed. 
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I. INTRODUCTION 



The standard model in particle physics was very successful in giving a unified description 
of strong, weak and electromagnetic processes. However, it was always considered a problem 
by many theorists to understand properly the mass giving algorithm in this theory, i.e. to 
answer the question what lies behind the so-called "Higgs phenomenon". Is this so-called 
spontanous symmetry breaking by the vacuum expectation value of a scalar quantum field 
- yielding at the same time the gauge boson and the fermion masses in the theory — the 
correct way to account for the appearance of nonzero masses in physics? In other words, is 
the Higgs mechanism of the standard model only a convenient algorithm to generate masses 
of the gauge and fermion fields without loosing the renormalizability of the theory, or has 
this enigmatic phenomenon a deeper understanding with the present formulation of the 
theory yielding only a particular parametrization of a so far not very well understood aspect 
of the theoretical description: the origin of nonzero masses in nature? Related to this is the 
question whether the scalar quantum field <fi needed to formulate the Higgs mechanism is, 
indeed, a true spin zero matter field which materializes as a spinless particle of a certain 
mass showing up in high energy processes. 

Recently there have appeared several suggestions of a different nature and interpretation 
for the mass-giving mechanism in particle physics which would not require a Higgs particle 
to exist. The proposal of Pawlowski and Raczka (see |jj and references therein) stresses 
the conformal invariance of the original theory without actually breaking the conformal 
symmetry in the course of introducing masses, but rather considering the appearance of 
nonzero mass ratios as a certain choice of gauge. The other method which was proposed 
by the present author in collaboration with H. Tann aims at accounting for the origin of 
nonzero masses by using a Weyl-geometric framework starting from an originally massless 
Weyl-symmetric theory and a subsequent explicit breaking of the Weyl symmetry with the 
help of a term in the Lagrangean involving the curvature scalar R of the Weyl space W4 and 
the mass of the scalar field. In this framework the mass generation in an originally massless 
and scaleless theory is considered to be due to an interplay between the ambient geometry - 
a Weyl-geometry — and a universal scalar quantum field. The breaking W4 — > V4 yielding 
a pseudo-Riemannian, i.e. V4, description in the limit is formulated as a condition on the 
Weyl vector fields n p which in turn represent an aspect of the Weyl-geometry (see Sect. II 
below) being given in the broken case as a derivative of the scalar field yielding thus, finally, 
zero length curvature, i.e. = 0. [The Weyl vector fields k p are the D{\) or dilatation 
gauge potentials and are the corresponding curvature components.] At the same time 
the validity of Einstein's equations for the metric in the V4 limit is required to be satisfied 
with the energy-momentum tensors of the now massive fields as sources and with — as it 
turns out — a gravitational coupling constant depending on the modulus $ of 0. On the 
one hand, i.e. as far as gravitation is concerned, the squared modulus, $ 2 , of the scalar field 
plays the role of a Brans-Dicke-type field in this formalism ||. On the other hand, i.e. as 
far as the generation of nonzero masses for the gauge and fermion fields is concerned, the 
field plays a role of a Higgs-type field in this broken Weyl theory. 

The idea of our geometrically motivated method basically is that in accounting for the 
origin of nonzero masses in nature the theoretical framework should include gravitation from 
the outset starting thus from the investigation of a dynamics of massless boson and fermion 
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fields formulated in a Weyl space W4 containing the dynamics of a metric modulo conformal 
rescalings. Subsequently the Weyl-symmetry is broken explicitly yielding a Riemannian 
description together with a definite length (and mass) scale being established and a set of 
field equations for the metric being required to be satisfied. 

The plan of the paper is as follows. After some introductory remarks on Weyl geometry 
and Weyl spaces we briefly review the theory presented in || in which the geometry of a 
Weyl space of dimension four and its use in elementary particle theory was studied in detail. 
In this work the scalar field — called ip there — was a complex quantum field with nonzero 
Weyl weight carrying besides its transformation character under Weyl transformations [see 
below] no further representation properties. This Weyl covariant theory is then generalized 

in Sect. II by including the electroweak gauge group G— SU(2) W x U(l)y in the description 
with the scalar field — now denoted by <p — possessing in addition representation properties 
with respect to the weak isospin group SU(2)w as well as the hypercharge group U(1)y- 
After some general remarks about symmetry breaking in gauge theories at the end of Sect. 
II, this Weyl-electroweak theory (WEW theory) is explicitly broken in Sect. Ill and the 
role of electromagnetism (Subsection A) and gravitation (Subsection B) in the resulting 
theory formulated in a Riemannian space, is investigated in detail. Subsection C deals 
with the wave equation for the scalar field 0, and Subsection D, finally, is devoted to the 
determination of the free parameters of the theory. An essential point in the presented 
discussion is that the breaking of the Weyl-symmetry and the appearance of a length and 
mass scale in the theory is qualitatively different from the so-called spontanous symmetry 
breaking in the electroweak theory yielding the masses of the gauge boson and fermion fields 
there. We show, using the coset representation of the scalar field <fi derived and discussed in 
Appendix A and B, that the so-called spontanous symmetry breaking is a particular choice 
of gauge within the electroweak theory which is characterized by the choice of an origin 
in the coset space, with being invariant under the electromagnetic gauge group U(l) e , m , 
exhibiting thus, finally, a residual Z7(l) e . m . gauge symmetry of the theory which is, in fact, a 

nonlinear realization of the original G-symmetry on the subgroup U(l) e , m ,. We end in Sect. 
IV with some concluding remarks and discussions of the results obtained due to the true 
symmetry breaking occurring in this Weyl-electroweak theory when a definite intrinsic unit 
of lengths is established. 

II. ELECTROWEAK THEORY IN WEYL- SYMMETRIC FORM 

A. Geometric Preliminaries. 

In this section we investigate a unified electroweak theory in the presence of "gravita- 
tion" formulated in a Weyl space. Since Einstein's metric theory of gravitation is neither 
conformally invariant nor a theory which could be formulated in a Weyl space we have to 
break the Weyl-symmetry in a second step, as mentioned, in order to recover Einstein's 
theory in this framework. On the other hand, we want to generate masses for the matter 
fields of the theory by starting from a gauge dynamics involving at first only massless fields 
in order to see how this mass generation obtained by Weyl-symmetry breaking compares to 
the Higgs mechanism in the standard model. To facilitate our discussion we shall, however, 
disregard the SU(3) gauge group of colour and shall treat only the electroweak part of the 
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standard model together with gravitation neglecting thus the strong interactions. Moreover, 
we treat only one generation of fermions for simplicity, i.e. the leptons e and v = v e . Our 
main interest here is to see how the electron mass m e and the S'?7(2)-gauge boson masses 
appear due to Weyl-symmetry breaking. The fact that a second fermion generation with 

> m e introduces another and different mass scale given by the myon mass m M — opening 
up, moreover, the possibility of /z e 3-decay — and, similarly, for the third generation with a 
tau-mass m T > m M , cannot be explained by the present model. In this respect the broken 
Weyl theory is, unfortunately, not better than the standard model. 

In order to stress the role of gravitation in the present context, we like to make the 
following remarks. The usual Higgs mechanism yielding nonzero masses for the fields in the 
standard model does not limit the actual size of the masses obtained: The mass value for the 
fermion fields could be shifted to arbitrary large values. Of course, the gauge boson masses 
are related to the strength of the Fermi coupling constant for charge changing weak currents. 
However, the feature that the elementary fermion masses could be arbitrary large seems to 
be an unphysical one since the generation of nonzero rest masses is accompanied by the 
generation of gravitational fields and gravitational interactions. If gravity were included in 
the standard model one would expect in a consistent theory that elementary masses cannot 
be shifted to arbitrary large values due to damping effects resulting from the consideration of 
gravitational interactions. This is reminiscent of Hermann Weyl's remark that a theory which 
tries to account for the origin of masses in nature cannot be formulated consistently without 
considering gravitation at the same time. The standard model should thus be formulated 
in a general relativistic setting. In starting from a massless conformally invariant scenario a 
formulation of the original dynamics in a Weyl space or Weyl geometry would thus be very 
suggestive. Let us, therefore, begin our investigation by formulating a gauge dynamics of a 
massless spin zero and a single generation of massless spin | fields in a Weyl space W4. 

In p| the geometry of a Weyl space was investigated in detail. We shall use the notation 
defined there (see in particular Appendix A of this paper). We shall refer to M as to I in 
the following and refer, for example, to Eq.(1.2) of I as to (I, 1.2) etc.. 

A Weyl space W4 is characterized by two differential forms: 

ds 2 = g fiu (x)dx fl ® dx v \ k = K IJ ,(x)dx ,J ' . (2.1) 

A W4 is equivalent to a family of Riemannian spaces 

(fiW, «<r), (v, dp), (g'vv, K-p)... (2.2) 

with metrics gp U (x), g'p U (x) . . . and Weyl vector fields k p (x), n' p (x) . . . related by 

g'pv(x) = o-(x) g^(x) (2.3) 
d p {x) = k p {x) + dp log a(x) , (2.4) 

where a(x) G D(l), a(x) = e p ( x ' > 0, with -D(l) denoting the dilatation group which is 
isomorphic to R + (the positive real line). The transformations (2.3) and (2.4) are called 
Weyl-trans 'formations involving a conformal rescaling (2.3) of the metric together with the 
transformation (2.4) of the Weyl vector fields. In the following discussion we shall consider 
a Weyl space of dimension d = 4 possessing Lorentzian signature (+, — , — , — ) of its metrics. 
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(For reference to the earlier history of Weyl spaces and Weyl geometry see the references 
quoted in I.) 

A W4 reduces to a Riemannian space V4 for = 0; a W4 is equivalent to a V4 if the 
"length curvature" associated with the Weyl vector field k m is zero, i.e. for 

Uis = - dvKp = 0. (2.5) 

In I we studied a Weyl invariant dynamics of massless fields involving the metric g^, 
the Weyl vector or D(l) gauge fields n p , and the electromagnetic, i.e. U(l) = Z7(l) e . m , gauge 
fields Ap, as well as the "matter" fields (p (spin zero) and ip (spin |, Dirac spinor) with Weyl 
weight w(<p) = — \ and w(ip) = — | [see I]. It turned out in the discussion given in I that <p is 
not a bona fide matter field but could better be characterized as a universal Bans-Dicke-type 
field or a Higgs-type field related to symmetry breaking. On the other hand, the spinor field 
ip is a true matter field representing leptons in the present formalism. 

The local group structure of the theory studied in I was SO (3,1) ® D(l) <8> U(l) 
for the nonfermionic fields and Spin(3, 1) ® D(l) ® £7(1) for the Dirac spinor field ^ 
with Spin(3, 1) denoting the universal covering group of the orthochronous Lorentz group 
5*0(3, 1) = 0(3, 1) ++ acting in the local spin space (D4 representing the standard fiber of 
the spinor bundle on which the field ip(x) is defined as a section (see I and the discussion 
below), and with U(l) denoting the electromagnetic gauge group. 

The pull back of a connection on the corresponding frame bundle was denoted by the 
one-forms of Weyl weight zero (Latin indices are local Lorentzian indices): 

(w ik = -w ki , K , A) (2.6) 

with coefficients with respect to a natural base dx^ in the dual tangent space T*(Wi) to W4 
at x given by: 

(r Mi fc(x) = -Y^ ki (x) , Kfj,(x) , Afj,(x)) . (2.7) 

The first entry in ( |2.6| ) is Lorentz- valued (i.e. antisymmetric in i and k), the second is 
D(l)-valued (corresponding to a real, noncompact, abelian gauge group), and the third is 
£/(l)-valued (corresponding to the complex, compact, abelian electromagnetic gauge group). 
The fully covariant derivative of a tensor quantity 0(™' m ) of type (n,m), i.e. covariant of 
degree n and contravariant of degree m, possessing Weyl weight w((j)^ n ' m ^) and charge q, i.e. 
transforming under Weyl transformations (2.3) and (2.4) as 

0(«. m )'( x ) = [a(x)} w ^ m)) ^ n ' m) (x) , (2.8) 

and under electromagnetic gauge transformations as 

0("< m )'(x) =e~& (n ' m) (x), (2.9) 

is given by 

he 

= V0("' m ) - cu(0 (n ' m) )/t0 (n ' m) + ^-A(P {n ' m) . (2.10) 
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Here D = dx^D^ denotes the Weyl-covariant derivative (I, A3), and k = K^dx^, A = A^dx^. 
Furthermore, V = dx^V^ with V M denoting the covariant derivative with respect to the 
Weyl-connection V ^ u p defined by 

V = fV + = l -g p \d p g vX + d v9llX - d x9fiu ) - 1 -(k,5 p + kJ p - k% u ). (2.11) 

Here and in the sequel purely metric quantities pertaining to a V4 are denoted by a bar, for 
example, T^ v p = { p u } are the Christoffel symbols of the metric g^ v . We remark in passing 
that the connection coefficient T pu p , defined with respect to a natural base in (|2.11|) , is 
Weyl-invariant, obeying V pv p = Y pv pl , with the change in the metric computed according 
to (2.3) being compensated by the change in the Weyl vector fields computed according to 
(2.4). Thus the Weyl-covariant derivative _D0( n,m ) of a quantity 0( n,m ) is independent of 
the Weyl gauge chosen in the family (2.2), and, by definition, transforms again like ( |2.8| ). 
Corresponding to Eq. (|2.10|) the Weyl- and U(l)- covariant derivative of a spinor field with 



w(ijj) = —4 and charge e is given by 

Dip(x) = Dip(x) + —A ■ lip(x) 

he 

= dx»i (d„ + + ~k • 1 $(x) + ^A p • 1 ^{x)\ , (2.12) 

where T At (x) is the spin connection 

r„(*) = A^(x)ir^(x)^ fc ; s ik = ^[y,7 fc ]- (2.13) 

Here 7*; i = 0, 1,2,3 are the constant Dirac matrices satisfying {7*,7 fc } = 7*7 fc + 7 fc 7* = 
2rj lk ■ 1 with rf k = diag(l, —1,-1,-1) and A^(a;) are the vierbein fields obeying 

9„u{x) = Xi(x)X k u (x) Vik . (2.14) 

The inverse vierbein fields used below are denoted by Af(x). The quantities = A^IT,-^ 
appearing in the first equation of ( |2.13j ) are the coefficients of the Lorentz part of the 
connection mentioned in relation to ( pT6| ) and ( |2.7[ ) with Tj ik defined by 

^ik = — ~{Ki9k — Kk6i) = O^Tjik (2.15) 

where u)^ = O^Tjik with Tjik — ~Tjki being the Ricci rotation coefficients of a V4 and 
— |(/tj?7fcj — nkVij)^ denoting the Weyl addition in a W±. In Eq. ( |2.15|) Qi = \j 1 (x)dx p ; 



j = 0,1,2,3 are the fundamental one- forms representing a Lorentzian basis in the dual 
tangent space, T^W^), at x G W4. (Compare Appendix A of I.) The form ( |2.15| ) for u>ik 



together with (|2.11|) yields D\ p = with w(X p ) = — | for the Weyl-covariant derivative of 
the vierbein field and, correspondingly, D p g^ u = with the Weyl weights w{g^ u ) = 1 [see 
Eq. (2.3)], w(A^) = \ and w(rjik) = [compare ( j2.14j )l. The relation D p g^ u = 0, expressing 



the fact that the metric is Weyl-covariant constant, reduces the connection on the general 
linear frame bundle [i.e. the Gl(4, i?)-bundle] in a Weyl space — possessing a metric given 
only modulo conformal transformations (2.3) — to a Weyl frame bundle, called P\y in I, 
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possessing the structural group SO(3, 1) (g> D(l). 

B. Standard Model Extension: Weyl-Electroweak Theory (WEW Theory) 

We now extend the formalism developed in I to a unified electroweak theory [neglecting 
as mentioned SU(3) colour degrees of freedom] by extending the gauge group of the theory 
to the group || 

G = SO(3, 1) <g> D(l) ® U(1) Y x SU(2) W , (2.16) 

i.e. interpreting the U(l) degree of freedom in I as weak hypercharge, U(l)y, and considering 
an additional weak isospin group SU(2) W (compare Weinberg's model of leptons M). The 
underlying principal bundle over W4 is now 

P = P(W 4 ,G) (2.17) 

with G given by ( |2.16| ). For the discussion of spinor fields of Dirac type one considers, as 
usual, the spin frame bundle P = P{W^ G) possessing the universal covering group of G, 
i.e. 

G = Sjnn{3, 1) <g> D(l) ® U(l)y x SU(2) W (2.18) 

as structural group (compare the discussion above and in I). A Dirac spinor field ip, with 
Weyl weight w(if)) = — | as before [see I], and hypercharge Y, possessing a definite repre- 
sentation character regarding SU(2)w i.e. [we follow the standard model assignment] I — 5 
(isodoublet), Y = — \ for the left-handed chiral fields ipjj(x) — |(1 — 7s)^(x), and 1 = 
(isosinglet), Y = —1, for the right-handed chiral fields ipn(x) = |(1 + •y 5 )ip(x), with 

75 = «7o7i7273 ; 75* = 75 ; (7s) 2 = 1- (2.19) 

The chiral fields and 4>r(x) will be regarded, respectively, as a section on the spinor 

bundle S associated to P with fiber F given by C = C 4 x C 2 for / = |; or given by 
C = (D4 x (D for / = 0, being thus defined by the bundle 

S = S{W 4 , F = (D, G) . (2.20) 

Hence the leptonic chiral fermion fields of Weyl weight — | will be 

^-O-QS-SS)^— 5 s ^-"-^^-^ 

with their adjoints (ip = ^70): 

= {vl, e L ) = + 75), 4^(1 + 7s)) , Y = i; tp R = e R = ^ e ^(l - 75); Y = 1. 

(2.22) 

For the scalar field we shall use as representation character with respect to S , f/(2)vi/ an 
isodoublet, / = |, yielding thus 
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and <£ f = (¥>+>$>) with Y = — - (2.23) 

2 

possessing the Weyl weight w(<f) = w(<ft) = — |. Here (po is a neutral complex field, and 
ip + is a complex field with positive charge, obeying tp* + = ip_. The relation between electric 
charge Q, isospin (J 3 ), and weak hypercharge is, as usual, 

Q = h + Y. (2.24) 

The field <fr m ay be regarded as a section on the bundle 

E = E(W A ,F = <C 2 ,G) (2.25) 

associated to P. The square of the modulus of the scalar field is now given by the U(l)y 
and SU(2) W invariant of Weyl weight u>($ 2 ) = — 1: 

$ 2 = 0t0 = + ^ Q = |^ + |2 + |^ o |2_ ( 2.26) 

The invariant Yukawa coupling term of Weyl weight —1 for the scalar and spinor fields 
— reading ^ (p* (p(ipip) = j^^iptp) in I — will now be written as 

i{{^l4>)^r + M4>Hl)}. (2.27) 

Calling the U(l)y gauge potentials B^, i.e. reserving as usual the notation for the 
electromagnetic gauge potentials, the full G-covariant derivative of <fi is written as [compare 



D,<P = Dfj,(f) + l -gA«T a <P + i~g'YB, • 1 0. (2.28) 

Here the Weyl-covariant part is given by -D M = <9 M + hn^ ■ 10, and the SU (2)y/-gaxige 
fields are denoted byA^; a = 1,2,3;// = 0,1,2,3. Moreover, Y = | in (|2.28|) according to 



( p.23| ). The Lie algebra of SU{2)w adapted to the choice (|2.23|) for is given by \r a with 



T a ;a = 1,2,3 denoting the Pauli matrices [summation over a from 1 to 3 is understood in 
( p. 28| )1. Finally, g and g' are dimensionless coupling constants for the SU(2)w and U(l)y 
coupling, respectively, which we write with a tilde in order not to confuse them with the 
determinant of the metric tensor called g. 



A similar expression as ( |2.28 ) may be written down for ipi involving the Weyl- 



covariant part D^ipL = (dfj, + iT^)ipL + |k m • lipL, an SU(2)w part as in ( |2.28| ), and an 



U(l)y part with Y = — |. [Compare Q2.12|) .l For D^ip R the ^-contributions are absent 
due to the choice 1 = for the right-handed fermion field. We take account of this in the 

notation by writing only one tilde for the covariant differentiation of x/jr, i.e. i/)r =D^ 
tfj R = D^r + ig'YBf, ■ lip R with Y = -1 according to ( gjgg ). 

We are now in a position to write down a G-gauge invariant Lagrangean density of 
Weyl weight zero generalizing C W4 of / [compare (I, 3.8)] to the case of an electroweak 
theory including "gravitation", i.e. containing also a dynamics for the metric (determined 
modulo Weyl-transformations), in a scenario for the massless fields <f),ipL,ifjR, k^, B^ and 
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possessing all a definit Weyl weight which is zero for the gauge fields k^, A", and is 
w(4>) = — | and w{jPl) = w{jPr) = — | as mentioned above. Again we use below the same 
coefficient for the kinetic term of the scalar field and for the ^-R-term implying in I the 
validity of the relation (I, 2.20), while (I, 2.21) is a consequence of the choice w(ip) = — |. 
The Lagrangean for a massless G-invariant theory, called for short WEW theory (Weyl- 
electroweak theory), now reads: 

C W4 = Ky/=gi^(b^D v <f> - ^R^<j> - PttW + aR 2 

+![^Mr + M^l)] ~ ?>\f»ur- 5 ~ (F; u Fr + B^B^, (2.29) 

Here 7 M denote a set of x-dependent 7-matrices with Weyl weight w( , y fl ) — — | defined by 

-f = -f(x) = X?(x)? obeying {y», 7"} = 2<T • 1- (2-30) 

The meaning of the various terms in ( |2.29| ) is the same as in I and was described there 
in detail. This is true except for the generalization of the covariant derivatives, as explained 

above, being denoted here by and with the arrows — > and <— indicating, as usual, the 
action on ipR and on ipL, i>R, respectively, with a sign change involved according to the 

rule [compare fl2.12j ) and fl2.28|) 1, D J = 7°D At 7° for the fermion fields and similarly for 0, 

i.e. (D ^(py = <ft D n with D M = D J =D^ . Corresponding to this, i.e. to the introduction 
of the new gauge fields B^ and A^, the last two terms in ( |2.29| ) replace the electromagnetic 
term -±\F^F^ in (I, 3.8) with F^ = d„A u - d u Ap. Since the fields Bp and A^ have 
the dimension [L^ 1 ] (L=Length) as seen from ( |2.28| ), we replace the factor (see below) 

appearing in front of the electromagnetic term in (I, 3.8) by a constant 5 of dimension 

[L 2 ]. Moreover, the Lagrangean Cw 4 is chiral invariant, i.e. is invariant under global U(l) 
transformations (/?' = const): 

^L^e-^ L ; Vfl-e^Vfl; <t> - ^ ^ (2-31) 

and analogously for ip Ll iJjr and $ with the complex conjugate phase factors. 

The field strengths (curvatures) entering the expression fl2.29|) in addition to fp V and the 
Weyl curvature scalar R defined by [see (I, A31)] 

R = R - 3V% + ^k p k p , (2.32) 

where R is the Riemannian part, are the U(l)y gauge curvature 

Bpu = dpB u — d u Bp , (2.33) 
and the SU(2)w i.e. Yang-Mills gauge curvature 
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[2.34) 



with /£, = e a bc denoting the structure constants of SU{2) W where e afec is the Levi-Civita 
symbol. The overall constant K in (|2.29| ) with dimension [Energy -L' 1 ] is a factor converting 
the length dimension in the curly brackets (which is [£~ 2 ]) into [Energy -L~ 3 ] in order to 

give Cy/i — finally, after symmetry breaking — the correct dimension of an energy density. 
This factor K drops out of the field equations in the Weyl-symmetric case discussed in 
this section and appears in ( |2.29| ) only for convenience. We finally remark that the length 
dimension of the scalar field (f) is assumed to be [L°] and relative to this choice the fermion 
fields have length dimension [£~ 5 ]. With this convention the Yukawa coupling constant 7 
has length dimension [L -1 ]. 



So far we have not included a coupling ~ \f—g~F VLV f^ u in the Lagrangean (I, 3.8) or a 



coupling ~ ^/—gB^f^ in ( |2.29| ) which would also be of Weyl weight zero and hence would 
be allowed to occur. We intend to come back to an investigation of this point in a separate 
context and restrict the discussion here to the direct product structure of the abelian gauge 
groups involved, treating them thus as completely independent from each another. 

The variation of the fields in the Lagrangean (|2.29| ) now yields the following set of G- 
covariant field equations: 



5k p : 
5B„ 



<T DyP v <P+-R(P + 4/?(0V)0 - 2WriI>l = 0, 
6 

- iY D^l - J<Hr = 0, 

-17" D^r-^^l) =0, 
SDnF* = —QaD p R , 



5 D P B W 



j{<t>)p _|_ j(V>L)P _|_ j(lpR)p 



6A a p : 5 D,Fr= 5 



D,Fr - ~gf ac Ain p 



oWOp 4. Ml)p 

Ja ' Ja 



(2.35) 

(2.36) 

(2.37) 
(2.38) 

(2.39) 
(2.40) 



:9nuR 



-4&R 



R 



{P-v) 



:9iivR 



4a{D {p D v) R-g pu D"D p R} 



QW _|_ r f('<pL) I rp(i>R) _|_ rp{f) , rp(B) , rp{F a ) 
W flU ~ flU ' pu ~ pu ~ pU ' pV 



9pvl 



{MWr + M^l)] ■ (2.41) 



Here we have used the following hermitean and G-gauge covariant expressions for the weak 
hypercharge and isospin source currents: 




^2.42) 



for the U(1)y 0-current (with Y = | for the 0-field), 



Ml) 

Jp 



Mr) - _ 



^PrHp^r) 



for the left- and right-handed U(l)y fermion currents (with Y = — | and Y 
tively), and for the SU{2) W currents 



(2.43) 
— 1, respec- 
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Ml) 
Jap 



Mr) — n 

Jap — w • 



(2.45) 



The G-gauge covariant expressions for the symmetric energy-momentum tensors appearing 
in Q2.41I) are: 



^ pv 



-9pv 



t^2 



(2.46) 
(2.47) 



and analogously for T^ R \ and 



pv 

T (B) 
pv 

pv 



fpafv ^9pvf P fpX 



BpoBv 



F a F 

1 pa 1 a 



\gpvB pX B 



(2.48) 
(2.49) 
(2.50) 



While the last three energy-momentum tensors have vanishing trace the traces of 
0^ \T$ l) and T$*) for solutions of the field equations ( P^3| ) - fl2~37D and their adjoints 
read: 



:1 



(2.51) 
(2.52) 



Using these relations in computing the trace of Eq. (|2.41 ), together with D p D p R = 
following from ( [2.38] ), one finds that the resulting equation is identically satisfied. 

It is also interesting to compute the Weyl-covariant divergences of the energy-momentum 
tensors (|2.46| ) - (|2.50j) for solutions of the field equations, i.e. using Eqs. Q2.35|) - (|2.40j ) as 
well as the Bianchi identities for the F^ u reading, with {p[iv} denoting the cyclic sum of the 
indices pfiu, 



D {p Ft 



pv} 



The result is 



^ 6 



R{v P ) - -^9v P R 



£)P$2 $ 2 D p f pv + 7 
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D » T (^) = ^ Yv{(f)] ^ ^ + ~ g > Bvp j^)o + ~gF? p j^, 
D p T H> r ) = ^ Yv ^ ^, fa) + g'B vp j^, 



(2.53) 



(2.54) 

(2.55) 
(2.56) 



with the contribution i>L, ^r) of the Yukawa coupling to Eqs. Q2.55|) and ( |2.56| ): 
1 



and 



D»T$ = 6af up D0R 
D*T<g> = -~g'B vp 

f)prp(F a ) _ _~pa 
fiu Hup 



j(4>)p _|_ Ml)p _|_ j{i>R)p 



n(<t>)P I Ml)P 

J a ' J a 



, (2.57) 



(2.58) 
(2.59) 
(2.60) 



The last two equations as well as the field equations ( |2.39| ) and Q2.40 ) show that it is 
useful to introduce the following total U(l)y and total SU(2) W current densities of Weyl 
weight zero composed of bosonic and fermionic contributions: 



U(l)y 

SU(2) W 



Jn 



dC 



u 4 



J, 



ap 



OBp 

9 Cw 4 
dA a P 



-9 9 



-9 9 



A4>) , Ml) , Mr) 
J p ~ J p ~ J p 



A4>) , Ml) 
Jap ~ Jap 



(2.61) 
(2.62) 



These definitions allow the separation of the Lagrangean density Cw 4 into a Weyl-invariant 
"free" part CyD 4 (obtained from Eq. ( |2.29| ) for B p = and A a p = 0) and a Weyl-invariant in- 
teraction part Hi n t expressed in terms of the currents (|2.61|) and (|2.62|) and the corresponding 
gauge fields, i.e. 



int 



yielding thus the decomposition 



-J P B P — J^Ap, 



r {0) + r. ,4- r ( B < F *) 



(2.63) 



(2.64) 



where C ^ B ' Fa ^ is given by the last two terms in ( |2.29| ) proportional to 5 representing the 
Lagrangean density of the free B p and A a p fields. 

The energy-momentum balance for the interacting fields is represented by the Weyl- 
covariant divergence of Eq. ( [2.41| ). Using Eqs. ( [2. 54! ) - (|2.60| ) together with the contracted 
Bianchi identities (I, A40) for a W4, it is seen that this is identically satisfied for solutions 
of the field equations for any value of 7. We shall find later in Sect. Ill that the analogous 
argument for the broken Weyl theory yields a constraint which is required to be satisfied 
for the divergence relation following from the (^-equations - - representing the over-all 
energy-momentum conservation in the broken case — to vanish again. 

Let us now turn to the conservation relations for the currents defined in Eqs. ( |2.42 ) - 
( |2.45| ) as well as for the total electromagnetic current. Introducing the charge operator 
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for the 0-field the total electromagnetic current is given by 

Mm.) _ 1 flj , 1 t ) = M) , Ml) j_ 7 (Vi?) + + 

J p _ K^f=g \g> p g P J ~ 9 p p 3p 3/9 



(2.65) 



^2.66) 



Here q projects out the </? + -component of <fi with charge q = +le in the 0-part of the 
electromagnetic current while the last term in fl2.66| ) yields, with — [tLlp^L] — {^r1 p ^r) = 
—ipelpipe, the electromagnetic current contribution of the charged lepton (electron) with 
q = — le. 

It is easy to show from the field equations ( f2.36|) and ( p. 37] ) and their adjoints that the 
Weyl-covariant divergence of the currents ( |2.43| ) yield 



This implies for the fermion part of the electromagnetic current the relation 



D> 



'Ml) , Mr) , Ml) 
Jp + Jp + J3p 



(2.67) 



^2.68) 



where we have, moreover, used (for a = 3) the divergence relation for the fermionic isospin 
current 



T)pMl) — Y)PMl) _ 7. F \° Ml 
^ Jap — ^ Jao y c abc^ Jc 



)P 



> ap 



pJc 



Z7 



(2.69) 



following from Eqs. Q2.45Q and (|2.36| ). On the other hand, one concludes from Eqs. ( 2.39Q 
and ( p. 40 ) that the hypercharge and isospin currents appearing on the r.-h. sides of these 
equations are covariantly conserved. 

Similarly, one concludes from the field equation ( 2.35 ) and its adjoint that the 0-part of 
the isospin current obeys 



ap 



-Z7 



^2.70) 



yielding for the sum jjf) + the relation 



D> 



M) , A<t>) 

Jp + J3p 



— «7 



(4> L qcj))i> R - ip R ($qipi 



(2.71) 



Eqs. ( |2.68| ) and ( |2.71| ) together, finally, lead for the total electromagnetic current ( |2.66| ) to 
the conservation relation 

D Pj(e-m.) = Qj ( 272 ) 

where, for a fixed 3-direction, we have replaced the SU(2)w and Weyl-covariant derivative 
D p by D p . 
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As usual we now introduce the Weinberg angle 6w by the rotation relating A Sp and B p 
to the q = component of the the SU(2) W gauge fields Z p and the electromagnetic fields 
A p . 

g 

A 3p = cos 6 W Z p + sin 9 W j^Ap 

g 

B p = — sinOw Z p + cos6 w j^A p . (2.73) 

The factor e/hc in front of the photon field is introduced here for dimensional reasons 
with the fields A 3p , B p , Z p , and ^A p all having length dimension [L^ 1 ]. Below we shall 
frequently abbreviate the electromagnetic potential j^ c Ap with dimension [L~ l ] as Ap. The 
dimensionless gauge coupling constants g and g' were introduced in Eq. Q2.28|) . In addition 
we shall introduce below the dimensionless coupling constant go for the neutral fields Z p 
and a dimensionless strength for the electromagnetic coupling given by e = ^/A-rolf with 
olf = e 2 /hc = 1/137.04 denoting the fine-structure constant. As usual the elementary 
electromagnetic charge — a quantity with a dimension — is denoted by e with —l\e\ = 
—4.8032 • 10~ 10 esM being the electron charge. [1 esu = ldyn? cm; we are using cgs-units 
as conventional reference units. The intrinsic length unit obtained after Weyl-symmetry 
breaking will be introduced in Sect. Ill below.] 

Using now a spherical basis for the isovector contributions in Eq. ( |2.63[ ) introducing the 
following charge changing current components with Aq = ±1 [compare (|2.62 )1 



J? = (Jip - iJip) ; 4^ = 7| ( J ip + u *p) > ( 2 - 74 ) 



and the corresponding gauge fields 

wp = 72 {Alp ~ lMp) ; wp] = 7! {Alp + lMp) ' (2,75) 

and expressing, furthermore, the fields A 3p and B p in terms of the fields Z p and A p according 
to ( |2.73D the interaction Lagrangean ( ^.63| ) of Weyl weight zero may be written as 

hut = -K^g (ejf^A» + g j^Z<>) - (j^W + J«W^) . (2.76) 

Here 

j(e.m.) ig 

the electromagnetic current defined in ( |2.66| ). In order to obtain the electro- 



magnetic interaction in the conventional form given in (|2.76|) one has to demand that the 



coupling constants g and g' and the Weinberg angle 9w are related by 

~g sin 6 W = g cos 9 W = 99 == = e, (2.77) 

V9 + 9 

where e is the dimensionless electromagnetic coupling strength introduced above. The second 
term in the first bracket of (]2.76|) describes the coupling of the neutral weak current to 
the neutral gauge fields Z p with a coupling strength given by 

9o = Q 4- = = y/sP + ~g'\ (2.78) 

e cos &w v 
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where jf> is defined by 



3? = $ + $ L) - 9 W jf m \ (2.79) 



All these definitions are the same as those appearing in the usual formulation of the standard 
electroweak model. 

Along with and J^ 1 ^ one may now also introduce the current densities J^ m ^ and 
of Weyl weight zero by 

J( e - m -) = K^Tg ; jf = K^~g ~g jf\ (2.80) 



•p 

The last two terms in Eq. ( p.76| ) represent the coupling of the charged SU{2) W gauge 
fields to the charge changing weak currents describing the weak decays of particles in phe- 
nomeno logical applications. For low momentum transfer processes, p 2 ~ 0, we have by 
identification with the effective current-current theory of weak interactions with the Fermi 
constant Gp the relation 

( l 1 ° F (2.81) 



2 V2J m 2 w y/2' 



where mw is the mass of the W^-field defined in Eq. ( |3.50 ) below. Compare in this context 
also Eq. ( |2.62|) as well as ( |3.32j) below. 



C. Remarks Concerning Symmetry Breaking 

We, finally, compute the square of the Dirac operators 

p=-i T "Z^ and p=-i^D^ L (2.82) 
in application to the fermion fields ipi and ipR, respectively. From the field equations (2.36) 



and ( |2.37| ) one easily derives that 

= -ill^R + f 0(0Vx), (2.83) 



and 



As regards the SU(2)w degrees of freedom Eq. ( |2.83j ) is a matrix equation for a two- 
component isospinor while (|2.84 ) is an equation for an isoscalar with the round brackets 



pp Vi? = -ij(<pDrfi/) L ) + 7 2 (0V)^h- (2.84) 



denoting SU(2) W invariants. The left- and right-handed fields are coupled in these equations 
through the first terms on their r.-h. sides. We observe that both equations decouple and 
become eigenvalue equations for ip L and ipR, respectively, which are moreover diagonal in 
spin space provided the 0-field is covariant constant, i.e. obeys 

<p = 0. (2.85) 

A property of this type would annihilate the first term in the field equations ( [2.36| ) for <fi 
and would yield an algebraic constraint involving the curvature scalar R, the 0-field, and 
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the ^-fields. It is not immediately clear whether this is consistent with the other field 
equations. Therefore we shall not demand Eq. ( [2. 85 ) to be satisfied. However, an equation 
of a similar nature will be used in Sect. Ill below when we investigate the breaking of the 
Weyl symmetry to obtain, finally, a gauge theory formulated in a Riemannian space-time in 
the limit. 

After these remarks concerning the standard electroweak theory and its formulation in a 
Weyl geometric framework we turn, as mentioned, to the breaking of the G-gauge symmetry. 
Let us, however, first consider, at the end of this section, the so-called breaking of the 

electroweak gauge symmetry G= SU(2)w x U(l)y to the electromagnetic gauge symmetry 
U(l) e .m. which is described in the standard model as the result of a so-called "spontanous 
symmetry breaking due to a nonvanishing vacuum expectation value of the scalar field" . 

In order to view the situation more clearly we investigate in Appendix A the coset 
representation for the field </> in terms of transformations U{g^) or U(4>) parametrizing G /H 
[see (A5) and (All)] by generating the function <\> from the real function <j) = ( ? } with <p 

being invariant under the subgroup H of G, where H is identified with the electromagnetic 
gauge group U{l) e , m , = U(l) + generated by q and obeying qcf) = [compare (A3) and (A7)]. 
The transition from to with the help of the transformation t/ _1 (0) is to be regarded 
as a choice of coordinates for the representation of the scalar field in the theory and has, 
in the first place, nothing to do with a "vacuum expectation value" of this field. To adopt 

the origin in G / H as a parametrization for the scalar field is done for physical reasons 
establishing thereby the electromagnetic gauge group H = C/(l) e . m . as stability group of the 
point cf) in the formalism and relate it to physical observations and experiments. This choice 

is, actually, not a breaking of the original G-gauge theory but a different realization of it. It 
is thus better to say that after transforming <fi to <j) with the help of f/ -1 (0) one has adopted 
an electromagnetic gauge in the electroweak theory with the residual gauge transformations 
being given by U(h(a)) G U{l) e , m , [see (A7), (A15) and the relation of these transformations 
to the so-called "Wigner rotations"]. A true symmetry reduction from G to a subgroup of 
G is governed by a relation of the type ( |2.85| ) to which we turn in the next section ||. 

Conditions of the type of Eq. ( |2.85| ) where is a section on a bundle with a homogeneous 
space as fiber are well-known from differential geometry. They guarantee that in a reduction 
of the structural group of a certain principal bundle P(B, G) over the base B and with 
structural group G to a bundle P'(B, G') over the same base and with a subgroup G' 
of G as structural group also the corresponding connection reduces from a g-valued to a 
g'-valued form, where g and g' denote the respective Lie algebras of the groups G and 
G' C G (compare for details). In concluding this section let us, therefore, state the 
following theorem well-known from the literature on differential geometry: As the condition 
for a true symmetry reduction in the physical sense from a theory with gauge group G to a 
theory with gauge group G' C G, implying also the reduction of the connection on P(B, G) 
to the connection on P'(B,G'), it is required that there exists a section <pE on the bundle 
E(B,G/G',G), associated to P(B,G), with fiber F = G/G' and structural group G which 
is covariant constant, i.e. obeys D<pE = 0, where D is the covariant derivative on E. 
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III. WE YL- SYMMETRY BREAKING 



As a term in the Lagrangean which breaks the Weyl-symmetry with the aim of intro- 
ducing a scale of lengths with the help of the 0-field and establish an electroweak theory of 
leptons in the presence of gravitation formulated in a V4, we add the following expression of 

Weyl weight +1 to the Weyl- invariant Lagrangean density £w 4 given in ( |2.29| ): 



£ 



B 



-9 



6 



R + 



mc 



h 




(3.1) 



Here a is a dimensionless constant, R is the curvature scalar of the ambient Weyl space 
W4 [see (|2.32j )1 which is related here to the mass — or rather Compton wave length — of 
the universal scalar field by tying R to the squared modulus $ 2 = </>V of this field. The 



expression (|3.1| ) is independent of the standard model gauge fields associated with the group 

G and thus leaves the G-gauge invariance unaffected. However, the explicit breaking of the 
D(l) symmetry caused by Cb will lead, as we shall see, to nonzero masses not only for 
the 0-field but also for the fermion and the gauge boson fields in a manner similar to the 
situation realized in the standard electroweak theory. 

We have mentioned at the end of Sect. II that the standard model is not characterized by 

a true symmetry reduction from a gauge group G to a subgroup of G. What is conventionally 
called a spontanous symmetry breaking is a choice of an appropriate coordinatization taking 
due recognition of the electromagnetic phase group t/(l) e . m . as a subgroup generated by q 

in the formalism. On the contrary, adding ( |3.1| ) to the Lagrangean £^ i will lead to a true 

breaking of the G-gauge theory [see ( |2.16|) 1 to a theory with the subgroup G' = SO(3, l)(g) G 
of G as gauge group. It is the square of the modulus, $ 2 , of the 0-field which is the section 
on E(Wi, G/G', G), required to be covariant constant in the sense of the theorem quoted at 
the end of Sect. II, which governs, as we shall see, the symmetry breaking by ( |3 . 1|) yielding, 
ultimately, a V4 from a W4 and the generation of nonvanishing masses. Hence the symmetry 
breaking relation will be 



0. 



(3.2) 



with $ 2 e G/G' = D(l). 

However, before we come to this point, let us first derive the field equations following 
from a variational principle formulated with the Lagrangean £ given by 



£ —£w i + £b- 
One finds using the same notation as above: 

ctyt : (T Djj v + \Rct> + 4/?(0V)0 _ 27^l + a 

o 

5^p[ : - iY - l^R = 0, 

5^ R : -z 7 ^B m ^-7(0Vl)=O, 



mc 



(3.3) 

(3.4) 

(3.5) 
(3.6) 
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8k r 



SB r , 



-6&D p R+-k p , 



5 DpB pp = g' 



j(4>)p _|_ j{i>L)p _|_ j(i>n)p 



5A a p : 5D,F pp = ~g 



n(<t>)p I Ml)P 

Ja ' J a 



fa 



fJtU 



l^ 2 + a) 



R(jw) - -^g^R 



— 4aR 



R(pu) - -^g^R 



(3.7) 
(3.8) 
(3.9) 

- 4a {D^D^R - g^D p D p R) = 



ftW _|_ J<bl>L) _|_ fi^Il) _|_ f{f) _|_ ^(-B) _|_ rp(Fa) 
in/ i ii / ' in/ ' in/ in/ i ii j 



/IV 



' /IV 



8a: -R + 



mc 



a 

+ g^2 

2 

$ 2 = 0, 



" /IV 



mc 



/IV 



" /IV 



' /IV 



9/xvl 



$ 2 



+ 

(3.10) 
(3.11) 



where Eqs. (gj>|), (Q, Q and Q) are unchanged; compare Eqs. fl2~36D , (|2^7|) , (^39|) 
and ( p.40| ) . The energy- momentum tensors appearing in ( |3.10| ) are the same as those defined 
in Eqs. ( [2.46|) - (|2.50| ) of Sect. II. Only the energy-momentum tensor for the scalar field is 
to be changed now, for a ^ 0, to the expression given by the sum of the first and the last 
term on the r.-h. side of (|3.10|) , i.e. by 



®im> — ®/m> + g^ 



mc 



1 2 



$ 2 . 



(3.12) 



We first turn to the trace condition following from (|3.10|) . The trace of Q^fJ ' for solutions 
of the field equation (|3.4j) and its adjoint is now given by 



@w /a. = --i^t^ + ^ [(^0)^ + M4>Hl) 





'mc' 


+ a 


[ h \ 



(3.13) 



while the other traces of the energy-momentum tensors are the same as in Sect. II. With 
these and Eq. (|3.13|) one concludes from the trace of (|3.10|) that 



aD p D p R = 0. 



(3.14) 

Taking the Weyl-covariant divergence of Eq. ( |3.7|) one finds with ( |3.14| ) that the Weyl vector 
fields must satisfy the Lorentz-like condition: 



D p k p = V p k p - k p k p = 



for 



a y£ 0, 



(3.15) 



where V p denotes the metric covariant derivative [compare Appendix A of I] . Eq. (|3.15|) in 
turn implies that the W 4 curvature scalar (|2.32|) is now given by 



R = R- -k p k p . (3.16) 

We, finally, compute the divergence conditions for the solutions of the field equations ( |3.4|) 
- ( p. 11 ) which follow from ( |3.10 ) by taking the Weyl-covariant divergence of this equation 
and using the contracted Bianchi identities (I, A40) for the W± as well as the equations 
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QaDpR — —k p 



(3.17) 



Before the symmetry breaking by Cb these energy-momentum balance relations for the set 
of interacting fields were identically satisfied in Sect. II. In the broken case we now obtain 
that the following relations must hold for the divergence relations, deduced from (|3.10|) , to 
be fulfilled again [compare (I, 4.16)] : 

^-3/,/ = for a^O. (3.18) 

These relations are trivially satisfied for a Weyl vector field being "pure gauge" , i.e. implying 
ftiv = 0. This is identical with the condition (|3.2| ) being satisfied, which may be written as 



/€ M = -^log$ 2 . (3.19) 

The Weyl vector field in this broken Weyl theory is thus derivable from a potential given 
by the modulus of the scalar field. This is in direct analogy to the case of the Christoffel 
connection, f ^ u p = { p v }, following from the relation V^j, = in (pseudo-)Riemannian 
geometry with g^ e Gl(4,R)/SO(3, 1). 

The field equations ( p.7|) , finally, lead — together with (|3.11| ) which implies D P R = for 
Dfi 2 = — to 

k m = 0; i.e. $ 2 = const. (3.20) 

This shows that the Weyl space W4 reduces completely to a pseudo-Riemannian space V4 
with the scalar field possessing a constant modulus. The value of this modulus can not 
be computed numerically. On the other hand, the value for $ will determine the fermion 
and gauge boson masses appearing in the broken Weyl theory as well as in the nonlinearity 
contained in the 0-equation yielding the "Higgs dynamics" in the standard model. A fixing 
of an ungauged D(l) degree of freedom is, indeed, implicit in the standard model. How- 
ever, a relation of the type ( |3.2| ) for the D(l) gauge symmetry breaking does not appear 
in the standard model since this would require to go beyond the flat space formulation of 
the conventional description. In the present context we have to investigate, in the V4 limit 
given by ( |3.20| ), the appearance of Einstein's equations for the metric coupled to the energy- 
momentum tensors of the now massive fermion and gauge boson fields and establish the 
fact that gravitation, as we know it from general relativity, is a natural part of the broken 
G-gauge dynamics described by C 

A. Electromagnetism in the WEW Theory 

In this subsection we first turn to the field equations for the electromagnetic fields = 
d^A v — d u A fl and the fields Z^ v = d fM Z u — d u Z p following from Eqs. ( |3.8j ) and ( |3.9| ). The 

total G-curvature, written in Lie algebra valued form with = F" |r , is [compare Eqs. 



( gjg ) and flO§ ] 



+ - IB^ = d^T u -d u T p + ig 



r r 



(3.21) 



with r M as given by (p9|) . The definitions of the curvature components F" and B^ u imply 
that in a spherical basis we have, with Eqs. (|2.73| ) and ( p.77|) , the relations 
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F%, = ggo 1 Z, v + g'g l - F, v - i~g (wJW„ - 



^ = -s'^o 1 ^ + 9 go 1 — F * 



e 

he*'* 1 ' 



(3.22) 
(3.23) 



^ = ( F $ = W - d " W » - 1 [g^sBw [W P Z V - W V Z P ] + e - W„4j} , (3.24) 

with = ^(F^ v ± ii^). In ( |3.21| ) |r 3 + 1 is that part which commutes with q 
while F^, as defined by ( |3.24j ), denote the off diagonal parts which do not commute with q. 

We now rewrite the field equations ( p.8|) and ( |3.9|) — the latter at first for a = 3 - 
using (|3.22p , ( ^-23j ) and the definition ( |2.66fl of the electromagnetic current and find , with 



Dp F£ p = D^ p and Eqs. (£770 and (gTTE 



^ D P F PP = 5- 1 e ] {e - m - )p + ieD p (w^W p - W ]p W^ 



(3.25) 



and, with ffi as defined in ( |2.79|) , 



D P Z PP = 5 



1 goJ (0)p + i e gg- 1 D„ (w^W p - W ]p W^ 



(3.26) 



We continue to write here the covariant derivative as D p disregarding for the moment that 
k m = according to ( |3.20| ) in the broken case since ( |3.25| ) and ( |3.26| ) are valid also in the 
Weyl symmetric theory discussed in Sect. II. The l.-h. side of (|3.25| ) could also be written 
D^Fw with the electromagnetic field strengths F w = d p A p — d p A Pj of dimension [L~ 2 ]. 
Eqs. ( |3.25|) , moreover, show that besides the electromagnetic source current j^ e ' m "- ) there 
contributes also a term on the r.-h. side which is bilinear in the W^-fields with and 
being related to the charge changing weak processes. The same remark applies to the last 
term in ( |3.26| ) representing the contribution of the W M -fields to the neutral weak processes. 



Furthermore, Eqs. ( 3.25|) and Q3.26 ) imply current conservation [compare ( p. 72 )1 



and, analogously, D p j 



™ -(e.m.) 



--d„ 



-g 



~gg w it m) 



(3.27) 



(0) 



with the Weyl-covariant divergence of the jy-terms and of 



( ggD and ( ET26D in the 
and ( |B17| ) that these 



the l.-h. sides of these equations yielding zero. Writing Eqs 
electromagnetic gauge (see Appendix B) it follows from flB"5] ) - 
equations are U(l) e , m . gauge invariant. 

It may be worth while in this context to write down explicitly the U(l) 
source currents j^" m '^ and in the electromagnetic gauge [compare Eqs. ( |2.66| ), fl2.79|) 



gauge invariant 



[3D, ([BT5D and ( gig) ] 



)(e.m.) 
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and 
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\ (e L lpe L ) ~ sin 2 9 



(3.29) 



We, finally, determine the field equations for F^ u , i.e. for a = 1, 2 in (|3.9|) . They read: 



B„ (F-)« , = D M ( J p-)^-^w, t Fr + ^4(i ;, -r= r^jW", 

D, (F + ) pp = D,(F + r + ig W^F PP - ig A%F + ) PP = S^g j Wp \ 
where [compare (|2.62|) and (|2.74| )1 

Jp — ^ l^P +Jlp ' J2p l J2p ) 



(3.30) 
(3.31) 

(3.32) 



is the charge changing current. In ( 3.3(J| ) and ( |3.31 ) Fi£ p and may be replaced according 
to Eqs. ( p.22j ) and (|2.73|) in order to yield field equations involving only the fields A^, 
and W^, W^. Written in the electromagnetic gauge Eqs. ( |3.30| ) and ( |3.31| ) are again U{l) e , m , 
gauge covariant. To establish this result one needs the formula 



F T 

pLV 



(3.33) 



which is easily derivable from ( 3.24 ) with the help of (|B5| ) - (p8|) . Moreover, one needs the 

following expression for the the current evaluated at the origin in G / H. With the help 
of Eqs. QB3) and (|BT6|) one finds 



■d) 



l 1 

--g (fi ) 2 W p + -j=e L j p v L . 



From the form of ( |3.34| ) the transformation rule 



(#>)' 



(3.34) 



(3.35) 



under residual U(l) e . m , gauge transformations is at once apparent as a consequence of ( p6| ) 
and (|B17|) , and correspondingly for jjp^ appearing in Eq. ( |3.31|) after transformation to the 
electromagnetic gauge. 

In order to gain information about the constant 5 in Eqs. ( |3.25|) and ( |3.26|) and bring 
( |3.25| ) — disregarding the ^^-contributions for a moment — into the form of Maxwell's 
equations in electromagnetism, we first observe that each term in these equations has length 
dimension [£~ 3 ]. Multiplying ( |3.25|) by the charge e and introducing the fine-structure 
constant otp = e 2 /4ir we can rewrite Eqs. (|3.25 ) and ( |3.26| ) as 



DpF^ 



DpZ^ = -f )p + i e ggf~ x D„ (w^W p - W ]p W p 



by taking (compare (|3.47|) and ( |3.48|) below) 

5=5 '/J with 



= 

e 



(3.36) 
(3.37) 

(3.38) 
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Furthermore, we have introduced here the following current densities: 



j(e.m.)p _ ec £-2 j(e.m.)p. 



\(0)P 



eg c 



7-2 ,-(0)p 



^3.39) 



We have measured in (|3.38 ) the constant 5 of dimension [L 2 ] in units of Z 2 defined in Eq. 

( p.47| ) and determined the numerical coefficient 5 ' in such a way that the first term on the 
r.-h. side of fl3.36|) has the conventional form known from electromagnetism. This fixed the 

numerical constant 5' to the value e~ x = l/^Anap. 



B. Gravitation in the Broken WEW Theory 

Einstein's equations for the metric follow from (|3.10|) , as we will now show, with a 
total energy-momentum tensor on the r.-h. side for all the interacting massive and 
massless fields involved. Clearly, Tj£> = as a consequence of ( |3.20| ). We first turn to the 

contributions of the G-gauge fields contained in Tffl + T^f a ) on the r.-h. side of ( |3.1U| ) and 
split this expression into the familiar electromagnetic contribution, a ^-contribution, and 
W^-contributions in the following way: 



T (B) , rp(Fa) = rp(F) , T (Z) , T (W) , T (WW) 

pU ' pU pV ' pU ' pU ' pU 



(3.40) 



Using ( p.38|) we have here introduced the following energy-momentum tensors possessing 
the dimension [£~ 2 ]: 



T (F) = L _/ 2 

4tt he v 

for the electromagnetic fields, and 



F F c 

± pa 1 v 



9pv 



F px F, 



t( z ) - 


1 


/ 2 


pv 


e 


V 


T {W) _ 


1 


/ 2 


pv 


e 


V 



ZpaZ v 



9pu 



Z px Z 



p+ F~ 

pa v 
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(3.41) 

(3.42) 
(3.43) 



for the Z- and TV-fields, respectively. The last term, Tj^f w \ in ( |3.40| ) is a lengthy expression 
constructed with the fields Z^, F^ u and W^, W u containing terms of second and fourth order 
in the W-fields which we shall not write down explicitly. All terms in ( |3.40| ) are traceless, 
so that the contributions of the masses for the Z- and W-fields cannot come from these 
expressions but must be contained in the other contributions on the r.-h side of Q3.10p . In 
fact, it is the energy-momentum tensor of the 0-field, ( |3.12 ), which contains — besides the 
mass ^Jam of the 0-field itself — the effects of the nonzero masses for the Z- and W-fields. 
In order to see this more clearly we consider the symmetry breaking relation ( |3.2| ) which 
implies, by taking the Weyl-covariant divergence, 



D^D^ 2 



Relating this to the field equation 



0. (3.44) 
for <p and its adjoint leads to the following result: 



py \ / pa \ ] / \ 2 r TftC~\ 2 r — — "i 

D^y^Dy) =-Rtf<j> + 4p(f<j>) +a — ^H-iY^l^r + M^Hl)]. (3.45) 
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Evaluating ( |3.45|) at the origin of G/H [compare Appendix A], i.e. considering (|3.45|) in 
the electromagnetic gauge, using moreover D^ipQ = for (p ^ 0, i.e. k m = 0, 0o — const 
according to ( ^20| ), one finds with the help of Eqs. (B3), (B18), (|3TTT| ) and (|3TT6|) 



R0 2 o + 4(3$ + a 



6 



mc 



i 2 



h 



mc 



~2\ ~2 



7^0 Me- 



(3.46) 



This is an interesting relation between the mass terms for the various fields involved in the 
theeory and the nonlinear self-coupling term of the scalar field. 

We first observe that each term in ( |3.46|) has dimension [L~ 2 ] and that the unit of lengths 
in which every quantity with a length dimension is to be measured is given by the length 



mc 



(3.47) 



appearing on the r.-h. side of Q3.46 ). This length was introduced by the Weyl-symmetry 
breaking Lagrangean Cb defined in ( |3.1| ). Indeed, for a = 1 the mass of the scalar field 
is m^ = m and the corresponding Compton wave length is l v . This length will from now 
on be adopted as the unit of lengths. This choice implies that all quantities with a length 

dimension have to be measured in units of l v as we already did for the constant 5 in Q3.38|) . 
For the constants (3 and 7 this means that 



7 = -7 I 



(3.48) 



with the primed quantities being numerical constants. The minus sign in the second equation 
is adopted here in order to obtain the correct sign for the electron mass in the last term of 
( p.46| ) which is thus given by 



-7^0 



~z „ Tnc 

7 Vo ~h 



m P c 



(3.49) 



The same argument applies to the Z- and W-boson fields of length dimension [L~ l ] and the 
corresponding masses. We thus identify the masses of the charged (q = =Fle) and neutral 
(q = 0) boson fields as well as the electron mass m e by the equations: 
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(3.50) 



implying the relation 



m z 



mw 



cos 9 



w 



(3.51) 



between the Z- and the M^-masses, which is well-known from the standard model. Below 
we shall sometimes denote by mw-, TTtz and m e the dimensionless quantities 
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(3.52) 
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We now focus the attention on the energy-momentum tensor 0^y' for the field <f> which 
was defined in ( J3.12 ), reading with a = 1 



2 



D, 



D v cj>\ D 



2 1 

~ 2 



mc 



Using now the relation ( |3.45|) for a = 1 in order to to eliminate the 
proportional to (3 in ( |3.53| ) one obtains, considering also (|3.10| ) again, 



)|. (3.53) 
2 -coupling term 
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Evaluating this in the electromagnetic gauge yields with Eqs. (B3), ( |3.49|) , ( p.5Q|) , and 
( j3.52j) , and with = Z^, the result 
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(3.55) 



showing that the boson and fermion mass terms appear in the total energy-momentum tensor 
through the tensor Bffi'. 

The r.-h. side of ( p.lO|) , i.e. the source term of the field equations for the metric, when 
evaluated in the electromagnetic gauge and for — 0, y? = const now reads 



T, 



fJ,U 



- flU 



n 



' (IV 



" flU 



+ fj-p + f^) + t ijf } + f {ww) X 

(3.56) 



where eg?' is given by (|3.55|) , and (B18) has been used for the Yukawa term. After Weyl- 
symmetry breaking according to (J3.1[), Q3.2| ) yielding ( |3.2(J| ) we thus have to evaluate the 
r.-h. side of ( |3.56| ) for a vanishing Weyl vector field and for tp = const, i.e. in a V4, which is 
indicated by the suffix on the curly brackets. Moreover, we use the length l v as a universal 
unit. By construction T pu satisfies the usual conservation relations V M T M „ = due to Eqs. 

The l.-h side of (|3. 10|) for R = R = const according to Eqs. (|3.11| ) and (|3.20|) , and with 

a = — remembering that a was introduced in Cw A1 as discussed in I, to yield a nontrivial 
dynamics for the Weyl vector fields which now vanish — is given in the electromagnetic 
gauge and in the V4 limit, taking moreover a = 1 (see above), by 



6 ^o + l 



ft/jus 2 ^ 



(3.57) 
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This together with ( |3.56|) yields, finally, a set of field equations for the metric of the form 



R,u 2 9,uR- + 1]K ( 3 - 58 ) 

Here appears the constant K in the denominator on the r.-h. side since we want to measure 
the total energy-momentum tensor ultimately in the conventional units of [Energy /L 3 ] while 
Tju, in (|3.56|) has dimension [X -2 ]. This we indicate by a prime on the total source tensor 



which is given by T^J = KT^ V . Eqs. (|3.58|) are identical with Einstein's field equations in 
general relativity provided we are entitled to make the dentification 

K * = MTTH? ■ < 3 - 59 > 

where ke is Einstein's gravitational constant, ke = 8nN/c 4 = 2.076 • 10 g cm sec 2 , 
and N is Newton's constant. Of course, in the framework adopted here also ke is to be 
expressed in the proper units related to l v as the chosen intrinsic fundamental length unit 
replacing the cgs-units conventionally chosen for ke yielding the quoted numerical value 
of this constant. (For a general discussion on the transformation of the units for mass, 
length and time we refer to Nariai and Ueno f| and Dicke ||.) Eq. ( |3.59|) implies that 
the over-all size of Einstein's gravitational constant and its dimension is determined by the 
constant K~ x with <po, representing an elementary mass ratio if the coupling constants g, go 
or 7' in ( |3.52| ) were known, leading to a correction in the relation between ke and K as 
expressed by (|3.59|) . The squared modulus of the scalar field — being a constant after Weyl- 
symmetry breaking — enters the gravitational constant Ke in a manner reminiscent of the 
Brans-Dicke scalar-tensor theory of gravitation || although, as mentioned, the strength of 
the gravitational coupling is determined in the presented broken Weyl theory essentially by 
K^ 1 having the dimension [L/ Energy]. For a more detailed investigation of this point see, 
however, Subsection D below. Furthermore, it is easy to show that taking the trace on both 
sides of ( |3.58|) yields an identity after use of ( |3.11| ) has been made. 



In the described situation where one considers the appearance of the unit of length as 
originating from a D(l)- or Weyl-symmetry breaking in a theory containing a universal 
scalar quantum field — relating the established length unit to the mass of this field — the 
quantities h and c as well as the fine-structure constant ap = e 2 /4ir are regarded as universal 
constants being by definition unrelated to the appearance of the length l^. Summarizing we 
may say that the scalar field in its U(l) e _ m , gauge invariant form = ($3 x -\\ with 0q{x) 
being a constant, ip , after D(l)-symmetry breaking, determines according to Eqs. ( |3.5U| ) 



and ( p.52| ) not only the Z- and iy-boson masses as well as the electron mass in a way de- 



scribed as the "Higgs phenomenon" in the standard electroweak model — which, in fact, is 
just a choice of gauge called here the electromagnetic or nonlinear gauge — but affects also 
the gravitational coupling constant in a Brans-Dicke-like manner with $ 2 = 0$ playing the 
role of the real scalar field. 

C. The Field Equations for the Scalar Field 

It is a surprising fact that the nonlinear 4 -coupling term proportional to the constant 
(3 could be eliminated from the energy-momentum tensor Sj^y due to Eq. (|3.45|) following 
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from the Weyl-symmetry breaking relation D^ 2 = 0. In the electromagnetic gauge Eq. 



( |3.45| ) took the form of the first equation in (|3.46 ) which then led, with a = 1 and Eqs. 
Q ) - (EH, to eg' given in ( p35j ). 

In concluding this section let us now finally study the field equation ( |3.4|) for for the case 
a = 1, and /t M = 0, y3 = const according to ( |3.20| ), to see the influence of the 4 -coupling on 
the dynamics of the gauge and fermion fields in the nonlinear, i.e. electromagnetic, gauge. 

To this end one has to compute D^D^cf) using (Bl) and (B3). It is then easy to show that 
( P^4|) is, in the electromagnetic gauge, equivalent to the following 6 r (l) e . m . gauge covariant 
equations: 
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Here ( |3.60| ) corresponds to the upper components in ( |3.4| ) when evaluated for <j) = (^ o ), 
Eq. ( |3.61| ) is the adjoint equation of ( |3.60| ), while ( ^.62j ) and ( ^.63[ ) are the real and imag- 
inary parts of the lower components in (|3.4j) , respectively. For comparison with (|3.46| ) Eq. 
( |3.62| ) was multiplied by ipo. The constant /3 only enters Eq. ( |3.62p which is seen to be iden- 



tical to the first equation of ( |3.46|) [prior to the use of (|3.11|) and ( p.52|) ] which was derived 
above. Hence the only equation containing the term proportional to (3 is, in fact, the alge- 
braic equation Eq, (|3.62|), and this equation was used above to eliminate the /3-contribution 



from the source terms in Einstein's equations. The elimination of the /5-term is a particular 
consequence of the Weyl-symmetry breaking by Eq. fl3.2| ) in this Weyl-electroweak theory. 
Stated physically one may say: The energy represented by the term proportional to f3(<j)^<j)) 2 
in Eq. ( |3.53| ) may be reexpressed by the mass terms appearing in Eq. ( |3.62| ), using also 
( p.ll| ), so that the constant (3 disappears from the final equations. The field equation for <p 



is thus, finally, turned into the set of linear differential equations ( ^.60[ ), ( ^.61| ) and ( |3.63| ) 



D. Determination of the Parameters of the Theory 

The following parameters appearing in the Lagrangean (|3.3|) have already been fixed so 

far: a = 1 in (|3.1| ); a = in C Wi [compare ( |2.29|) 1, and 5 ' = 1/e with e = y/ArraF = 
0.30282 in ( |3.38] ). Moreover, j3 disappeared from the dynamics after the Weyl-symmetry 
breaking as was shown in the last subsection. The remaining parameters to be determined 
are the following six quantities: The constants g and g' together with the Weinberg angle 
9w [compare ( |2.77] )1; the constants (fio and K; the Yukawa coupling constant 7' and, last not 
least, the universal length unit l v = h/mc or rather the reference mass m = m^. Besides the 



26 



value for e already quoted (using a F l = 137.04) we have the following five experimental data 
at our disposal: m e = 0.510999 MeV/c 2 , m z = 91.187 GeV/c 2 , m w = 80.41 GeV/c 2 , Gp = 
1.16639 • 10- 5 GeV- 2 and k e = 2.076 ■ lQ-^g^cm^sec 2 . 

Unfortunately it is not possible to decide uniquely what the actual length scale l v is which 
is to be adopted as a universal unit in the theory. We shall investigate two conceivable 
possibilities in somewhat greater detail: (a) the mass of the 0-field is identical with the 
Z-boson mass, i.e. m = m^ a ' = mz, with l v = if = h/mzc = 0.2164 • 10~ 15 cm, and 
(b) the mass of the 0-field is identical to the electron mass, i.e. m = = m e , with 
l v = if = h/m e c = 0.38610 • 10~ 10 cm. As a third possibility we only mention briefly the 
case when l v = if = lcm corresponding torn = = 0.1973- 10 _4 eV r /c 2 . This possibility 
could be of interest in connection with a very small but nonzero neutrino mass of order m^ 
as the lower edge of the fermion mass spectrum. Of course, this last choice, l v = 1 cm, is 
completely ad hoc being included here only as an orientation. 

For case (a) we find the following numerical values: cos8w = 0.8818, \g\ = 0.65316 
[from G F ], g' = 0.34341 and thus |<? | = 0.73794; <p 2 = 7.345 and |f | = 0.2067 • 10~ 5 [from 
ipo = (m e /m z )7 /_1 ]. For O > the constants g, g , and 7' must be positive, i.e. the 
absolute signs in the quoted results are unnecessary. Finally one has K = 0.7190/k^, i.e. 
K is, for the case (a), essentially the inverse Einstein constant. 

For the case (b) the constants g,g',go and 7' are the same as for the case (a) given 
above. However, now we have (p^ = 2.339 ■ 10 11 due to <po = 7 /_1 . This leads, finally, to 
K = 2.565 ■ 10~ u /ke being a factor of the order of (m e /mz) 2 smaller than in case (a). From 
this it is apparent that the relative contributions of (p^ and K in the relation ( |3.59D for k f 
depends strongly on the unit of lengths adopted. 

In concluding this subsection we remark that the question of the size of the "Higgs 
mass" in the conventional formulation of the standard model has turned in the present 
broken Weyl-electroweak theory into the question of the relative contributions of (p\ and K 
to Einstein's gravitational constant and, correspondingly, into the question of the actual size 
of the true elementary length scale to be adopted in the theory. We, moreover, mention that 
in our determination of the free parameters of the theory we used the observed electron, Zq- 
and W /± -boson masses disregarding radiative corrections. 

The strength of the gravitational interaction is usually characterized by the Planck length 
Ipianck — (Nh/c 3 )2 = 1.616 ■ 10 -33 cm. With this Einstein's gravitational constant ke m ay 
be written as k,e • = 87r/p iancfc = 65.64 • 10~ 66 cm 2 . However, writing finally Einstein's field 
equations ( |3.58|) relating the contracted space-time curvature, i.e. the Einstein tensor G^ IU , 



to the distribution of energy and momentum in a form independent of a particular choice of 
a length unit yields 

1 6 

G^ v = — -g^uR = ^2 _|_ ]_j T^is (3.64) 

where G^ and T^ v are both to be measured in the same units of an inverse length squared. 
The gravitational coupling in dimensionless form is characterized in Eqs. ( |3.64| ) by the 



constant 6/[$j + 1]. For a massless world, i.e. for O = in Eqs. ( |3.52|) , this dimensionless 
coupling constant would at most be 6; for the case (a) above it would be 0.719 — i.e. of the 
order of unity as mentioned — and for the case (b) it would be 2.565 ■ 10~ n . 
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IV. DISCUSSION 



We investigated in this paper the semi-classical theory of a scalar-isospinor field cou- 
pled to the chiral fermion fields ipL and tp R in the presence of the gauge fields (Weyl 
vector fields) for the dilatation group D(l), and the gauge fields A^, Z^, and for the 

electroweak gauge group G— SU(2) W x U(1) Y - The dynamics of this originally massless 
and scaleless theory was formulated in a Weyl space W4 characterized by a family of metrics 
g^y and associated Weyl vector fields k^, both determined only up to Weyl transforma- 
tions (2.3) and (2.4) corresponding to conformal rescalings of the metric and the related 
transformations of the Weyl vector fields, respectively. The gauge structure of the original 

Weyl-electroweak theory (WEW theory) was given by the group G = SO(3, 1) <S> D(V)® G. 

In order to investigate the appearance of nonzero masses and establish a scale of lengths, 
l<p, in the theory which is associated with the squared modulus, <3> 2 = 0*0, of Weyl weight —1 
of the scalar field and, furthermore, derive field equations of Einstein's type for the metric, 
we broke the Weyl-symmetry explicitly by a term in the Lagrangean involving the scalar 
curvature R of the W4 and a mass term for the scalar field. The idea here is to establish 
an intrinsic length scale in an originally massless and scaleless Weyl-symmetric theory by 
attributing this nonzero mass and corresponding finite length unit to the scalar field 0. Then 
we studied how nonzero masses for the various other interacting fields appear on the scene 
within the framework of a broken gauge theory containing as a subsymmetry the electroweak 
gauge symmetry which is known to contain many features in accord with observation. After 
the Weyl-symmetry breaking we finally obtain a C/(l) e . m . gauge covariant theory formulated 
in a Riemannian space V4. The reduction of the Weyl geometry to a Riemannian geometry 
for the underlying space-time is governed by a true symmetry breaking relation, D^ 2 = 0, 
implying that the -D(l) gauge field is "pure gauge" with the associated length curvature 
f^v being zero and the gauge symmetry with group G reducing to a gauge symmetry with 

the subgroup G' = SO(3, 1)® G. This is different from the so-called spontanous symmetry 
breaking in the electroweak sector of the theory which is better described as a choice of 

gauge by singling out a particular point as origin in the coset space G / H, with being 
invariant under H = U(l) em , where G / H is isomorphic to the scalar field (see Appendix 
A). ^ 

The transformation — ► is a gauge transformation which reshuffles the fields by 
putting the theory in a form possessing a residual U{l) e _ m _ gauge freedom and exhibiting 
the appearance of mass terms for the Z^-field, the W^- and H^J-fields, and the electron field 

■0 e without, however, reducing the connection and covariant derivatives from a LieG-valued 

form to a form characterized by a corresponding expression associated with a subgroup of G. 
This is contrary to the situation for the D(l) or Weyl-symmetry breaking described in this 
paper which, indeed, is a true symmetry reduction G — ► G' in the sense of the theorem 
quoted at the end of Sec. II leading to the appearance of the length scale l v in the theory 
freezing at the same time the squared modulus l> 2 of the scalar field to the constant ip^. 
Now the question arises: What is the true nature of this scalar "field" ipQ which enters the 
Zq- and W^-boson masses relating them and the electron mass to the established length 
scale and, furthermore, enters the gravitational constant in Einstein's field equations for 
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the metric in the V4 limit in a manner comparable to a Brans-Dicke field ip^. We try to 
answer this question in the following way: The 0-field, as it appears in the broken Weyl 
theory, is a vehicle for symmetry breaking. is not a matter field of the usual type which 
would also possess a particle interpretation in a fully quantized theory. For this reason it 
is very unlikely that this field, being in the V4 limit reduced to a constant responsible for 
the mass generation of the gauge boson and charged fermion fields, would actually show 
up as a particle in high energy processes. It is a field necessary to establish a scale in a 
theory. Now the next question arises: What is the actual size of this scale? Of course, here 
we have to rely on observation. Since the measured masses mz and m\y are of the order 
of 100 GeV '/ c 2 it is suggestive to assume that the mass scale established by the 0-field after 
Weyl-symmetry breaking is of this same order. The corresponding length l v would thus be 
of the order of ~ 0.2 • 10~ 15 cm [case (a) in Subsection III D]. However, this identification, 
although reasonable, is not compelling. Regardless of whether one fixes the mass m at the 
scale of 100 GeV j c 2 — case (a) above — or identifies this 0-mass with the much smaller 
electron mass — case (b) above — the huge difference of the observed masses for the Z - 
and H^ ± -bosons, on the one hand, and the electron mass, on the other hand, is mainly due 
to the Yukawa coupling constant 7' [compare Eqs. (p.52| )]. A point of particular interest in 
the presented broken Weyl theory, however, is that the special choice of the unit of lengths 
also affects the dimensionless coupling constant appearing in the field equations ( p.64j ) for 
gravity. 
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APPENDIX A: COSET REPRESENTATION OF 

The coset representation of <fi is related to the proper disentanglement of the various U(l) 

phase groups involved. The field <fr transforms under G = 50(3, l)®D(l)cg) G corresponding 
to a representation with spin zero, Weyl weight w(<p) = — |, isospin / = |, and hypercharge 

Y — |. The -D(l) factor of G affects the modulus $ = J~cft4>, while the electroweak gauge 
group 

G = SU(2) W x U(1) Y (Al) 

determines the orientation of the isospin degrees of freedom and the U(1)y phase. We 

denote by U(g), with g gG, the 2x2 representation of G operating on <fi. We parametrize 

the elements of G by g = g(b a , (3) with b a ; a = 1,2, 3, yielding a parametrization of SU(2) W , 
and with f3 parametrizing the hypercharge transformations. (The angle (3 should not be 
confused with the constant j3 used in Eq. ( |2.29| ) and in the main text.) Thus the U(l)y 
transformations are given by 

/ \ ( e r9 ' YI3 \ 
u(g{Q,0))= [ e Q J Y0 ) (A2) 

with Y — -. Mathematically speaking, the transformations (|A2|) are transformations of 
^(2) which may be decomposed into the direct product 

tf($(O,0) = tf(l) + ®£/(l)_ , (A3) 

where the groups U(l)± are generated by |(1 ±r 3 ), respectively, i.e. by the electromagnetic 
charge q = |(1 + r 3 ) [compare Eq. (|2.68|) 1 and by 

?o = 5(l-r 8 ). (A4) 

The decomposition of the original weak hypercharge and isospin transformations into q and 
go contributions (of which, as shown below, only the q contributions survive) corresponds 
to physically measurable situations yielding the coupling to the A p -fields (electromagnetic 
effects) and the coupling to the Z p - fields (weak neutral effects). 

We now like to introduce a representation of which is characterized in terms of the 

cosets G /H, where H is the electromagnetic subgroup of G, i.e. H = U(l) e _ m , = U(l)+ <ZG. 
We thus write 

cf) = Ufa) $ with q <p = 0. (A5) 
Here U{g$) is an element of G / H parametrized by 0, and 

(A6) 
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with <p being a real field, denotes the origin of the coset space. is invariant under the 
electromagnetic gauge group U{l) e _ m _ = U(l) + [the stability group H] with transformations 
h G H given by 



U(h(a)) = e-***> = ( e ~** a [J, (A7) 

where the minus sign in the exponential is adopted for conventional reasons. Due to the 
splitting (|A3|) of the hypercharge transformations and the invariance of by the contribu- 
tions U(l)+ generated by the charge q, the transformation U{g^) — which could be called a 
"boost" generating from the fixed state — is seen to be given by the following element 
o£SU(2) w ®U(l)-: 

Ufa) = U(g{b a {<j>)) ei^W (A8) 



with q Q as given by (X4). Here the first factor on the r.-h. side is an element of SU(2) 



w 



parametrized by b a (<p), and the second factor is the transformation 

G [/(!)_ (A9) 



1 



with hypercharge phase angle (3(<f>). It is easy to show that one can express the r.-h. side of 
|) in terms of the components of in the following manner [compare (|2.23|) 1: 

1 / 09* pfsW) m , \ 



with o3 = Y0^0 — \l\v+\ 2 + l^ol 2 expressing the invariance of the modulus $ of under 

"boosts" parametrized in terms of G /H. Identifying with the coset U((f>) • H = U{g^) • H 
we may now take the simpler matrix U(4>) defined by 

UU) = — ( V \ with det UU) = 1 (All) 

as a coset representative instead of U (g^) and write Eq. (|A5|) as 

= U(<f)) 0. (A12) 

The G-transformation of or, more exactly, the gauge transformation U(g(x)) represent- 
ing a change of section on the bundle E [see ([2.25 )1 given by (the argument x is suppressed) 



<f>' = U(g)<f>, (A13) 
together with the coset representation ( A12 ) of as well as of 0' associated with the stability 



group H = C/(l)e.m. now yields the following decomposition of an arbitrary transformation 
U(g) into boosts parametrized by = <f>(x) and 0' = 4>'(x), respectively, and a stability 
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group transformation characterized by an angle a depending on 0(x) and on g = g(x) which 
is written for short as a((f)', 0) : 

U(g) = U{(j)') e-^WS U-\(f>). (A14) 

Here the subgroup transformation 

U{h{<t>'A)) = e-^t>'^= 6 n " (A15) 



could be called the "Wigner rotation" for the electroweak theory or the "little group transfor- 
mation" at the origin in the coset space Gj H which is associated with the transformation 
U(g) = U (g(b a , f3)) sending into 0'. The transformation ( |A15| ) with angle a(0', 0) is in sim- 



g = g(b a , (3) the results 



ilar contexts usually called the nonlinear realization of a gauge transformation of the group 

G on the stability subgroup H of G [§] . In the standard model, however, this terminology is 
not used and one speaks instead of a symmetry breaking by the vacuum expectation value of 

the scalar field having the form (|A6|). In the present case, with G possessing the product 
structure (|Al|), one finds for the angle a(0', 0) by direct computation for the transformations 



for £(0,0) : a(0,0) = O, 
for g(0,p) : j-atf , 0) = -~g'(3, 

for g(b a ,0) : ^«(0',0)=O. (A16) 
he 

The last line in ( |A16|) implies that there are no residual SU(2)w gauge transformations left 

on the stability subgroup H = U(l) e _ m _. After transforming to the origin in G / H only one 
gauge degree of freedom remains which is of the form ( |A15|) with a(0',0) given by ( |A16| ) 



together with the corresponding transformation rule for the electromagnetic potentials 
[see Appendix B]. The result for the hypercharge transformation g(0,f3) quoted in ( |A16 ) 
follows also directly from the determinant of the transformation (|A14|) . 



APPENDIX B: THE ELECTROMAGNETIC GAUGE 

We call the gauge obtained by realizing the transformations U(g{b a ,f3) of G in terms of 

transformations £/(/i(0',0)) of the electromagnetic subgroup H = U(l) + of G the electro- 
magnetic or nonlinear gauge [compare Eqs. ( |A14| ) and ( |A1 5| )] . To characterize this gauge, 



which we shall denote by a hat, the scalar field of the theory is used: As described in Ap- 
pendix A, takes the form = ( ?J in this gauge, and the residual gauge transformations 

are the transformations of the stability subgroup U(l) + = U(l) e , m , leaving invariant. 

It is of particular interest to determine the form the gauge potentials and take 
in the electromagnetic gauge, i.e. determine A a ^ and and their residual gauge freedom 
given by the transformations /i(0',0). Let us to this end rewrite the G-covariant derivative 
( p.28| ) of in terms of the spherical components A~ = W^, A^ = and A 3 [compare 
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( |2.75| )1 and express and in terms of and with the help of ( |2.73| ). One finds 
with t± = 2^(n ±it 2 ): 



D, 



Dp + ig (W M r + + W^S) + i e + ig Qr 3 - sin 2 6 W ■ qj Z p 



Performing now a gauge transformation with U 1 (0), mapping into 0, the covariant 
derivative ( fBl] ) of is mapped into 



D, 



Dfj, + ipW M r + - -goZf, 



where we have used the fact that qcf) = 0, r_0 = and 
later use in terms of isospinor components, i.e. 



D, 



+ i 



■5= 2 ~g^w, 



(B2) 

We rewrite this for 
(B3) 



where D^(p = c^o + ^ K n<Po is the Weyl-covariant derivative of the real field <pq. From the 
residual transformation with U(h(<fi', 0)) given by (|A15|) one now concludes that 



D, 







1 



D, 



(B4) 



is the nonlinear subgroup transformation rule for the G-covariant derivative of 0. One sees 
at once from the split form (B"3") that ( |B4| ) implies for the residual (electromagnetic) U(l) + 
gauge transformations of the potentials Z^, and the behaviour 



W' 



-i-ta{<j>' ,4>) 



yyP = e +i-t c oiW,<t>) 



(B5) 
(B6) 
(B7) 



For the electromagnetic potentials A^ applies the usual rule given by [see Eq. (|B14j ) below] 

i; = i M + 9 M a(0 / ,0). (B8) 

It is clear from the definitions that A^ and are real vector fields. 

In concluding this appendix we observe with respect to the theorem quoted at the end 

of Sect. II that the connection in the present case does not reduce from a Lie G- valued to a 

LieH- valued form. In fact, we have for the Lie G- valued gauge potentials with Eqs. ( |2.73| ), 
( g7g ) and (P777D : 



~g\raAl + g' l -lB, 



eA„ + g 



h - sin 2 e 



y s/2 V 



~^goZu 



(B9) 
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with = -i-A^. In this notation the covariant derivative is written D^i 
The transformation to the electromagnetic gauge with £7 -1 (0) yields 



r M = u-\<j>) r M u(<f>) - iu-\<j>) d^u^) 



(BIO) 



which is still Lie G- valued and hence, according to the theorem of Sect. II, the G gauge 
symmetry does not reduce but is nonlinearly realized. 

From QB10|) we compute for the fields and appearing in (|B2|) the expressions: 



1~ y 



{eAf, + g Q [\ - sin 2 9 W ]Z^ ip <p + + -^W^o) 



Vod^ — - (f+df, — 



(e^ + £o[§ - sin 2 %]Z M ) |y? + | 2 + JLw>> + #W^ + 



- h9oZfi\<Po\ 



(<Po) 



2 9 ^ 2 

i 

^0 



(^o)" 1 , (Bll) 



(^o)' 1 . (B12) 



For A^ = jr-Ap, by inserting also from ( [B12| ), one finds the relation: 



.1 



eA^ + g [^- sin 2 9 W ]Z IJ 



eAp + gol-- sin 2 6W]Z M ) |<^o| 2 t=W m ¥?o<P+ 



i<fo) 2 - i 



v/2 



(^o)- 1 - (B13) 



After the transformation ([B10|) has been carried out the residual gauge freedom is given 
by the transformations U(h(<f)', <fi)) of the electromagnetic subgroup U(l) + = U(l) em , i.e. 

by 



ry = u(h(<f>', 0)) r„ u-^htf, <p)) - % uw, <p)) d,u~\h{<p\ 0)), 



(B14) 



with U(h((j)' ', 4> j) as defined in (|A15|) with phase angle ( |A16|) . For the potentials A' Z' , W'^ 
and W!} this yields at once the relations ( p5|) - ( |B8|) . 

We finally quote the form of the fermion fields after transformation to the origin in G /H: 

4>L = tf{<t>)iP L and j> R = ipR, (B15) 

implying that 

vl = {¥o)~ 1 [¥oVl - V+ e L\, e L = (0o)~ 1 [ip+VL + ip* Q e L ], e R = e R . (B16) 
The residual U(l) e . m . gauge transformations of these fields are 



„• _e „ J Ml 



vl, e L = e L , e R = e R , 



(B17) 
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and correspondingly for the adjoint fields ul,6l and cr. The Yukawa coupling (|2.27|) of 



and the fermion fields may in this notation, together with U\<f>) <fi = <p, be written as 

7 {(4>l<J))iPr + ^r{4>Hl)] = 7 \ (i'L^R + ^r{4> ] ^l) [=7^0 [e^R + e R e L } . (B18) 



The r.-h. side of (|B18| ) may be written as 7 (poip e ip e) with ip e denoting the electron field 

transformed to the origin in G /H, showing that the Yukawa coupling represents, in effect, 
an electron mass term. 
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